KOSZUL DUALITY AND MIXED HODGE MODULES 
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Abstract. We prove that on a certain class of smooth complex varieties (those 
with "affine even stratifications"), the category of mixed Hodge modules is 
"almost" Koszul: it becomes Koszul after a few unwanted extensions are elim- 
inated. We also give an equivalence between perverse sheaves on such a va- 
riety and modules for a certain graded ring, obtaining a formality result as 
a corollary. For flag varieties, these results were proved earlier by Beilinson- 
Ginzburg-Soergel using a rather different construction. 



1. Introduction 

In their seminal paper on Koszul duality in representation theory |BGSj , Beilin- 
son, Ginzburg, and Soergel established the Koszulity of two important geometric 
categories: the category of mixed perverse sheaves on a flag variety over a finite 
field, and the category of mixed Hodge modules on a flag variety over C. More 
precisely, they are each "almost" Koszul, in that they contain some unwanted ex- 
tensions, but once those are removed, what remains is a Koszul category. 

A key step in }BGS| is that of giving a concrete description of the extensions to 
be removed. However, the two cases are treated very differently. For ^-adic perverse 
sheaves, the description preceding jBGSi Theorem 4.4.4] is quite general; it applies 
to any variety satisfying a couple of axioms (cf. jBGSl Lemma 4.4.1]), and the proof 
of Koszulity uses only general results about etale cohomology and homological 
algebra. In contrast, for mixed Hodge modules (cf. |BGS| Theorem 4.5.4]), the 
description is a rather opaque condition that makes sense only on the full flag 
variety of a reductive group. The resulting category is not canonical (it depends on 
a choice) , and the proof of Koszulity depends on detailed knowledge of the structure 
of one spcciflc projective object. As written, this part of |BGS| does not even apply 
to partial flag varieties (see Remark 17.41 however). 

The present paper was motivated by a desire to understand the source of this 
mismatch. One way to "remove extensions" in an abelian category is to discard 
some objects, i.e., take a subcategory. Another way (which we call "winnowing") is 
to add new morphisms that split formerly nonsplit extensions. (See Remark 12.41 ) 
In |BGSj . the subcategory approach is used for both ^-adic perverse sheaves and 
mixed Hodge modules, but this turns out to be unnatural for mixed Hodge mod- 
ules: they are much better suited to winnowing. One reason is that the failure of 
Koszulity happens in opposite ways in the two cases; see Remark 13.51 

In this paper, we develop an approach to Koszul duality for mixed Hodge modules 
via winnowing. We prove two main results, both valid on any variety satisfying a 
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few axioms. The first, Theorem 15.71 states that the winnowing of the category of 
mixed Hodge modules is Koszul. Unlike the subcategory constructed in jBGSj . the 
winnowing docs not depend on any choices. Nevertheless, on a full flag variety, 
each subcategory from [BGSj is canonically equivalent to the winnowing. 

In the winnowing construction, the notion of "underlying perverse sheaf" is 
lost, and it becomes a nontrivial task to construct a well-behaved functor (called 
a "degrading functor" ) from the winnowed category of mixed Hodge modules to 
the category of perverse sheaves. This is the content of the second main result, 
Theorem l6.6l As a corollary, we obtain a formality result that generalizes a theorem 
of Schniirer. It turns out that the degrading functor is not canonical in general. 
This is roughly why the |BGS| construction requires choices; the precise relationship 
is discussed in Section [7731 

The paper is organized as follows. Sections [2] and [3] contain generalities on ho- 
mological algebra and on varieties and sheaves, respectively, and Section 2] contains 
some technical lemmas on various Hom- and Ext-groups. The Koszulity theorem 
is proved in Section [Sj and the degrading functor is constructed in Section |6l Fi- 
nally, Section [7] discusses how to compare the degrading functor to the underlying 
perverse sheaf of a mixed Hodge module. 

Acknowledgments. The authors are grateful to S. Riche, W. Soergel, and an 
anonymous referee for their helpful insights and suggestions. 

2. Preliminaries on homological algebra 

2.1. Triangulated categories and realization functors. For any triangulated 
category S) and any two objects X, F G ^, we write 

Hom!^(A, Y) = Hom@(X, Y\i\). 

If ^ is the heart of a bounded t-structure on then, under some mild assump- 
tions |BBD1 IB] , one can construct a i-exact functor of triangulated categories 

real : D° Jl -> Si 

whose restriction to ^ is the identity functor. This functor, called a "realization 
functor," induces maps 

(2.1) real : Ext^(A:, Y) Homj^(A:, Y) 

for all i > 0. (In fact, the map (j2.ip is independent of the choice of realization 
functor, because Ext*(— , — ) is a universal 5-functor.) According to jBBDj Remar- 
que 3.1.17], these maps enjoy special properties for small values of i: 

(2.2) real : Ext^(A, Y) ^ Hom^(A, Y) is an isomorphism for i = or 1, 

(2.3) real : Exti^(A, Y) ^ Honi|,(X, Y) is injective. 

In this paper, all triangulated categories will be linear over some field F. 

2.2. Mixed and Koszul categories. Recall that a finite-length abelian category 
^ is said to be mixed [BGS] if it is equipped with a function wt : Irr(^) — > Z 
(where Irr(.-#) denotes the set of isomorphism classes of simple objects) such that 

(2.4) Ext^(L, L') = if L, L' are simple objects with wt(L') > wt(L). 
The category ^ is Koszul if it obeys the stronger condition that 

Ext*(L, L') if i, L' are simple objects with wt(L') ^ wt{L) — i. 
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Suppose now that ^ is also the heart of a bounded <-structure on a triangulated 
category 'S. Then Si is said to be mixed if 

(2.5) Hom*g,(L,L') = if G ^ arc simple and wt(L') > wt{L) - i. 
For any two integers n < m, we denote by 

the Serre subcategories of ./^ generated by simple objects whose weight w satisfies 
w < 71, w > n, w € [n, m], or = n, respectively. Condition p.Sp implies that 

(2.6) Hom'2,(X, y) = if X G ^<„ and Y e .^>„+i_,. 

In the special case where = D^^, both these conditions are implied by (|2.4p . 
For any object X G ^ and any n G Z, there is a functorial short exact sequence 

(2.7) ^ X<„ X ^ X>„+i ^ 0, 

where every simple composition factor of X<n (resp. X>n+i) has weight < n 
(resp. > n + 1). We also define 

S^'n^ ~ {X<n)>n == {X>n)<n- 

It is easily seen that if / : X F is a morphism such that gr„ / = for all n, 
then / ~ 0. An object X is pure of weight n if X gr„ X. Every pure object is 
semisimple. 

Lemma 2.1. Let ^ fee a mixed abelian category, and let A, B £ ^ he pure objects 
of weights n and n — i, respectively. The product map 

Ext^ (A, S) ® Ext'-^ (5, B) Ext' {A, B) 

SGlrr(^) 
wt(S)=n-l 

is surjective. 

Proof. Consider an clement cj) G Fixt^{A,B). As in any abelian category, there is 
an object P such that (j) lies in the image of the product map 

Ext^(A,P) ® Ext*"^(P,B) ^ Ext\A,B). 

(See, for instance, |Bou| Proposition 3 in §7.4].) If P happens to be pure of weight 
n—1, then we are finished, since every pure object is semisimple, and Ext* commutes 
with finite direct sums. 

Otherwise, we must show how to replace P by such a pure object. Let f : A ^ 
P[l] and g : P B[i — 1] be morphisms in such that <f> ~ g[l]of. Because ^ 

is mixed, the composition A — >■ P[l] /'>«[!] vanishes. Thus, / factors through 
a map f : A ^ P<„_i[l]. Let g' denote the composition P<„_i ^ P A B[i — 1]. 
Then.g'[l]o/' = 0; 

Now consider the short exact sequence P<n-2 P<n-i grji-i P ^ 0- 

By (|2.6p . the composition P<„-2 ^ P<n-i ^ B[i — 1] vanishes, so g' factors 

through a map g" : gr„_]^ P P[i — 1]. Let /" be the composition A —s- P<„_i [1] — > 
gr„_]^ P[V\. We have (f) = g"[V\ o /". Thus, cj) lies in the image of the product map 
Ext\^,gr„_iP) ® Ext*~^(gr„_iP,B) Ext'(A,B), as desired. □ 
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2.3. The winnowing construction. Let 2i he a, mixed triangulated category 
with heart ^ as above. Recah that both are hnear over some field F. We will work 
with the following full additive subcategory of 2i: 

(2.8) Pure(^) = {X e ^ | H\X) e for all i e Z}. 

Here, )" denotes cohomology with respect to the given ^-structure on S^. It 

is easy to prove that every object of Pure(^) is semisimple, i.e., a direct sum of 
shifts of simple objects of In other words, if we let Ind(Pure(^)) denote the set 
of isomorphism classes of indecomposable objects of jz/, then we have a bijection 

Irr(^) ^ Ind(Pure(^)) given by L L[- wtL]. 

In order to apply certain results of |AR| . we now impose the additional assumptions: 

(2.9) End(L) = F for L e simple, and 

(2.10) dimHom(X,r) < oo for ah X,Y & Pure(^). 
Let us define a "degree function" deg : Ind(Pure(f^)) ^ Z by 

deg(L[- wti]) = wti for L e Irr(^). 

This function makes Pure(f^) into an Orlov category in the sense of [ARj . 

Definition 2.2. Let ^ and & be as above. The full subcategory 

X is isomorphic to a bounded complex C* 
X e -ft'''Pure(^) in which each C* e Pure(^) is a sum 
of indecomposable objects of degree —i 

of the homotopy category A'''Pure(^) is called the winnowing oi ^ . 

Note that is not defined intrinsically in terms of alone: it depends on both 
!^ and on the mixed structure on although this is not reflected in the notation. 

According to jAR| Proposition 5.4 and Corollary 5.5], (which was denoted 
"Kos(Pure(.^))" in loc. cit.) is the heart of a ^-structure on /r'^Pure(i^). In fact, 
./#^ is a finite-length category with a natural mixed structure; the simple objects 
and weight function are given by 

Irr(^^) = {5[deg5] | S e Ind(Pure(^))} and wt(5'[deg5]) = degS*. 

Moreover, a strong version of (|2.5p holds here: by |AR1 Equation (5.4)], 



TT i I T T '\ — (\ \i L,L' ^ are simple objects 

(2.11) Hom^.p,,,(s,)(i., j - U ^.^j^ ^ ^^^^^ _ ^ 

In the special case where '3 — , the category Pure(f^) coincides with the one 

denoted Orl(^) in }AR1 Proposition 5.9], and if ^ is Koszul to begin with, |AR1 
Theorem 5.10] asserts that = ^ . Of course, in the present paper, we will 
apply this construction in a case where ^ is not Koszul. 

Proposition 2.3. There is an exact, faithful functor 

13: 

that preserves weights, and such that the restrictions 

n,n+l] \n n+ll 

are equivalences of categories. 
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Remark 2.4. For J-,QCz the natural map 

13 : Hom(J-,e) ^ Hom(/3(.F), /3(g)) 



is injective, but not, in general, surjective. Indeed, if ^ contains any nonsplit exact 
short exact sequence 0— >L'^X— >i^-0 with wt{L') ^ wt(L) - 1, then (|2.1ip 
(together with (|2.2p ) implies that 



must split. A morphism f3{L) f3{X) or f3{X) f3{L') that splits this sequence 
cannot come from a morphism in this is the sense in which the winnowing 
procedure "adds new morphisms," as noted in Section [TJ 

Proof. The construction we will give is essentially the same as that in the proof 
of [AR[ Proposition 5.9]. Let /3 : ^ — > be the functor sending X € ^ to the 
complex {X',S) with X^ = gT_^X[i], and with differential (5* : X* — > A'+^ given 
by the third morphism in the functorial distinguished triangle 



Let Y be the cone of the map A"[_j;_2^_i_i] — )■ A[_j_x,-i] of the above diagram. The 
octahedral diagram associated to each separate composition yields the distinguished 
triangles 



The second triangle obviously splits, since Hom^(gr_j_2 gi'-i ^) = 0- But then 
the first triangle must also split, so q ~ and thus (5*+^ o (5' = q[i] = 0. 

The definition of /3 on morphisms is the same: for f : X ^ Y , the morphism 
/?(/) is the morphism of complexes such that /?(/)* = gr_j/[i]. That we in fact 
obtain a morphism of complexes follows from the fact that the construction of /?(/) 
determines morphisms of triangles of the form (|2.12|) . As explained in the proof 
of |AR| Proposition 5.9], the exactness of /3 can be deduced from the exactness of 
gr_j combined with |AR1 Lemma 2.5]. 

For X,Y € there are no nonzero maps gr_^X[i] — > gr_j_|_i Y[i — 1], and so 
no nontrivial homotopies between maps I3{X) — > (3{Y). Thus, for / : X — >■ y, if 
/?(/) = 0, it must be that gr_,j / = for all i, and hence that / = 0. This shows 
that (3 is faithful. 

By |AR[ Corollary 5.5], every object in can be represented by a chain 

complex {X', dx) where X* vanishes unless i = —n, —n — 1. The differential 5^"^^ : 

X^"^^ — > AT^" gives rise to an element 



e = + 1] e Homs,(A-"-i[n + l],X~"[n + 1]) 

= Hom|,(A-"-i[n + 1], A-"[n]) ^ Ext^(A-"-^[n + 1], A-"[n]), 



^ /3(L') ^ P{X) (3{L) 





gr_,_2 A[l] ^ r ^ gr_, X 4 gr_,_2 A[2: 
gr„, X^Y^ gr_,_2 ^[1] ^ gr-, ^[1]- 
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where the last isomorphism comes from ()2.2p . The construction of in |AR| 
imphes that G ^ (in fact in for all i. Let X be the middle term 

of the short exact sequence in ^ determined by e. Tracing through the above 
construction, one finds that = Thus, /3 : ^[„,„+i] — >■ ^[$„+i] is 

essentially surjective. 

To complete the proof, we have left to show that /? is full on ^[„_„+i]. For 
pure objects and Yn of weight n, the functor /3 is essentially the identity and 
clearly gives an isomorphism Hom^(X„,l^) ~ Hom^o (/3(X„), /3(1^)). If Y is 
an arbitrary object in ^[„ „_|_i], then Hom^(X„,y) ~ Hom^(X„, gr„ F) since 
Hom^(X„, gr„_^j y) = 0. When X„+i is a pure object of weight n + 1 and 1^ is 
again an arbitrary object in ^[n,„+i], there is an exact sequence 

Hom_^(X„+i,y) Hom_^(X„+i,gr„_|_i r) 

^ Ext^(X„+i, gr„ y) Ext^(X„+i, y) ^ 0. 

Let us compare this to the corresponding sequence in . Since /3 is essentially 
surjective on ^[n,n+i]j we know in particular that every extension of fiXn+i by 
/3 gr„ y occurs in the essential image of /3. Thus, the map /3 : Ext^(X„_|_i, gr,, Y) 
Exti';^o(/3-''^n+i,/3gr„y) is surjective. The canonicity of the differential in the def- 
inition of /3 implies that it is an injection as well. That /3 is an isomorphism on the 
middle two terms in the sequence above implies it must be an isomorphism on the 
outer terms. Finally, for X and Y both arbitrary in ^[„^„-fi], we have an exact 
sequence 

^ Hom^(gr„+i X, Y) ^ Hom^(X, Y) 

^ Hom.^(gr„ X, y) ^ Ext.V(gr„+i X,Y)^... 

From above, /3 is an isomorphism on Hom^(gr„_|_2 X, y), Hom^(gr„ X, y), and 
F,xt]^{gT^_^_i X, y). Therefore, it must be an isomorphism on Hom^(X, Y). □ 

3. Preliminaries on perverse sheaves and mixed Hodge modules 

Fix, once and for all, a field F C M. This will be the coefficient field for all 
constructible sheaves and mixed Hodge modules. Let X be a smooth variety over 
C that is endowed with a fixed algebraic stratification .y = {Xs}s£S- We write 
js : Xs ^ X for the inclusion of Xs into X. Assume that each stratum Xs is 
isomorphic to an affine space: Xg = C'^™'^= . (Here, and throughout the paper, the 
notation "dim" when applied to varieties will always denote complex dimension.) 
We will impose a stronger condition on the stratification in Section 13.41 below. 

3.1. Perverse F-sheaves. Let pcrv("'^) denote the triangulated category of 
bounded complexes of F-sheaves on X in the analytic topology that are con- 
structible with respect to (This category is usually called D^{X) or ^{X), 
but we use porv(''^) forestall confusion with the case of mixed Hodge modules 
below.) Let Perv^(X) C p^^^{X) denote the abelian category of perverse F- 
sheaves that are constructible with respect to S'. The simple objects in Pcrv^(X) 
are those of the form 

ICs = js!* ((constant sheaf with value F on Xs)[dimXs]). 
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The assumption that each Xs is an affine space imphes that the reahzation functor 

(3.1) D'^VevyyiX) ^ I?J^^p,„(X). 
is an equivalence of categories |BGS[ Corohary 3.3.2]. 

3.2. Mixed Hodge F-modules. Let MHM(X) denote the category of mixed 
Hodge F-modules on X, and consider its derived category D^MHM{X). Recall 
that every mixed Hodge module !F comes with a weight filtration as part of its 
definition, as well as with an underlying perverse sheaf, denoted rat(J-"). There 
are functors obeying the formalism of Grothendieck's "six operations" jSH Theo- 
rem 0.1], and their behavior with respect to weights [SH p. 225] resembles that of 
mixed £-adic perverse sheaves. We refer the reader to |Slj for a complete introduc- 
tion to and proofs of facts concerning mixed Hodge modules. 

For any smooth complex quasiprojective variety V, we write Fy, or simply F 
if there is no confusion, for the trivial (polarizable) Hodge F-modulc on V . (We 
will henceforth omit the word "polarizable" ; all pure Hodge modules or Hodge 
structures should implicitly be assumed to be polarizable.) This is a simple object in 
MHM(X) of weight dimX, and its underlying perverse sheaf is a shift (by dimX) of 
a constant sheaf. More generally, for each stratum Xs, there is, up to isomorphism, 
a unique simple object 

Cs e MHM(X) such that j*jCs = Kx,- 

This object has weight dimXs, and its underlying perverse sheaf is IC^. Let 

MEMy{X) C MHM(X) resp. D^9',mhm{^) C D^MHM(X) 

be the Scrre subcategory (resp. full triangulated subcategory) generated by ob- 
jects of the form Cs{n). (Here, T H> is the Tate twist; Cs{n) is a simple 
object of weight dimXg — 2n.) Note that even on a point endowed with the trivial 
stratification 3^, the category MHM^(pt) contains far fewer simple objects than 
MHM(pt). For instance, there exist simple objects of odd weight in MHM(pt), 
whose underlying vector spaces necessarily have dimension greater than 1. 

The category y^^^{X) can also be described as the full subcategory of 
D^MllM{X) consisting of complexes each of whose cohomology objects H'^(J-) 
lie in MmAj^{X). It follows from the definition of -D1^,mhm(-'^) that for F,g € 
MHMj^(X), we have 

(3.2) Hom^^^^^^_^^(^)(^,g) = Ext;^HM(X)(-^,a)- 

The category MHMy{X) is the heart of the t-structure on mhm("^) induced by 
the standard t-structure on D^Mi{M{X). (We will simply call it "the standard t- 
structure on D*^ mhm("'^)-") Together, MHM,y (X) and D^^ mhm("'^) form a mixed 
triangulated category in the sense of Section 12.21 For brevity, the category of (|2.8p 
will usually be denoted 

Pure(X) = Pure(i^:^.,MHM(^))- 

Finally, the underlying-perverse-sheaf functor T n> rat(7^) preserves the categories 
we have defined associated to the stratification so it induces functors 

rat : MHMj^(X) ^ Perv,5-(X) and rat : Z?'^ mhm(^) -D^,Perv(^)- 

This functor is i-exact, and an object F £ mhm("'^) belongs to MHM,y(X) if 
and only if rat(J^) G Pcrv^(X). 
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3.3. Hom-groups. Let a : X pt denote the constant map. Given F,Q ^ 
mhm("'^) ^^^"^ i G Z, we define a mixed Hodge structure Hom ' (T, Q) by 

Hom'(J",a) ^ H'{a^M'om{J',g)). 

In other words, Hom ' (J'. Q) is an object of MHM(pt) that (because rat commutes 
with all sheaf functors) is equipped with a natural isomorphism 

rat Hom '(J'.g) = Hom'(rat J", rat^). 

The following natural short exact sequence expresses the relationship between Hom- 
groups in mhm('^) ^^'^ those in porv("'^) EH Theorem 2.10]: 

(3.3) ^ ?^Ldgc(Hom'-i(-F, G)) ^ Hom' (^, G) ^ H° ,dge(Honi'(^, G)) ^ 0. 

Here, the functor H^^^^^ = Ext^^jjj^(p^) (Fp^ , -) : MHM(pt) ^ Vectp is the Hodge 
cohomology functor. All Hom-groups in D^y, pei.v("''^) finite-dimensional, but it 
should be noted that Hom-groups in £'^mhm("'^) i'^^ even in D^MHM(pt)) may 
have infinite dimension. For example, we have Extj4HM(pt)(Ej£('^)) — C/(27rz)"F, 
which is only finite-dimensional if F = M. 

3.4. AfRne even stratifications. The main results of this paper hold for stratified 
varieties that satisfy the following conditions: 

Definition 3.1. A stratification = {ATsjsgs of a variety X is called an affine 
even stratification if the following two conditions hold: 

(1) Each Xs is isomorphic to the affine space C^™^". 

(2) For all s,t € S and i S Z, the mixed Hodge module W{jlCs) vanishes if 
i ^ dim — divaXt (mod 2), and is isomorphic to a direct sum of copies 
of F Yt((dim ATt — dimXs — «)/2) otherwise. 

Note in particular that condition ([2]) above implies that jt^^s is pure, and hence 
semisimple. 

Lemma 3.2. Suppose that X has a stratification ~ {Xs}seS by affine spaces. 
Assume that for each stratum Xs C X , there is a proper morphism tt^ : Ys Xs 
such that the following conditions hold: 

(1) Ys is smooth. 

(2) The restriction tTs : TrJ^{Xs) ^ Xs is an isomorphism. 

(3) For any Xt C Xs, the projection tTs : Tr~^{Xt) Xt is a trivial fibration, 
and Tr~^{Xt) has an affine paving. 

Then .y is an affine even stratification. 

Proof. The assumptions imply that tt^ is surjective. Since tt^ is proper, the object 
TTg^Fy is pure (of weight dim Ys ~ dimXg) and therefore semisimple. It is clear 
from condition ^ above that Cs occurs as a direct summand of Tr^^Fy . Now, 
choose a stratum Xt C Xs, and let Z = TT^^{Xt). To prove condition ([2|) of 
Definition 13.11 it suffices to prove the following claim: The object T = jj*7rs*Fy = 
TTg^F^ [dim ATs — dimZ] has the property that 

, . HUD^i^ if i ^ dim - dim ATf (mod 2), 

^ ' ~ \a direct sum of copies of F^. C^""^''^™'^'^' ) otherwise. 
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To prove this claim, consider the full subcategory MHMconst (-'^t ) C MHM(Xt) 
consisting of objects whose underlying perverse sheaf is constant. Let Z?^ const ("'^0 
be the corresponding full triangulated subcategory of D^MHM{Xt), and let a : 
Xt — !• pt be the constant map. Considering the cohomology of a constant sheaf 
on Xt, one sees that the functor a^[-A\mXt] : -Dj^,const(^t) ~^ £'''MHM(pt) is 
t-exact, preserves weights, and kills no nonzero object of MHMconst(-''^t)- Now, let 
Q G MHMconst(-'^t) be a simple object that is not isomorphic to F Yt('^) for any n. 
Since Fj5-^(n) = a*Fpt[dimXt](n), we have 

HomMHM(Xt)(Ext(")'5) - HomMHM(pt)(Fpt(n),a*^[-dimXt]) = 0. 

That is, a*CJ[— dimXt] is a nonzero object of MHM(pt) containing no subobject 
isomorphic to Fpt(n). 

Since tt^ is a trivial fibration, the underlying perverse sheaves of the H^{T) are 
constant, so J" e D^^ const ("'^t)- Since : Z ^ Xt'is proper and F^ [dim X,— dim Z] 
has weights < dimX^, it follows that T has weights < dimXg as well. In fact, F 
must be pure of weight dimX^: if not, a^,J- would not be pure either, but an easy 
induction on the number of cells in the afHne paving of Z shows that 

(3 5) HH tt ¥ ) — ifi^dimZ (mod 2), 

^ ■ ' [a*T's*_z) " direct sum of copies of Fp^( ~'^™^~' ) otherwise. 

Since J- is pure, it is semisimple. If J- did not have the property p.4|) . then it 
would contain a simple summand Q as in the preceding paragraph, and then a^J- 
would contain a summand containing no subobject isomorphic to Fp(.(n), contra- 
dicting (|3.5p . Thus, the claim p.4p holds, as desired. □ 



For another perspective on the preceding argument, one can use the rigidity 
theorem for variations of Hodge structures |Schm[ Theorem 7.24] to show that 
a, [— dimXt] : ^'^^ const ("'^t) ~^ £''^MIIM(pt) is actually an equivalence of cate- 
gories. This makes it clear that conditions (|3.4p and (|3.5p are equivalent. 

Corollary 3.3. The stratification of any partial flag variety of a reductive algebraic 
group by Schubert cells is an affine even stratification. 

Proof. It follows from |Gal[ Theorem 2] that the Bott-Samelson-Demazure resolu- 
tion of a Schubert variety satisfies the conditions of Lemma |3^ (The last sentence 
of [Gall Theorem 2] is false, cf. [Ga2| . but the parts we need are correct.) □ 

Lemma 3.4. Suppose X has an affine even stratification 5^ = {Xsjsgs. For each 
s £ S, the object = jsiKx, MHM^{X), and if T e DHmM{X) has the 

property that j^F G MBMi^t) for all t G S, then T G -D^ mhm("'^)- 

Dually, the object = js*Kxs ^^^^ ™ MIIM^(X), and if j\J- G ^^mhmI"'^*) 



for all t G S, then T G I?^ mhm("'^)- 



'^,MHMV 

',J^,MHMV 

Proof. We will treat only the first part of the lemma; the second part is similar. 
We proceed by induction on the number of strata in X. If X consists of a single 
stratum, there is nothing to prove. Otherwise, let Xu C X be an open stratum, 
and let i : Z ^ X he the inclusion of its complement. In D^MHM{X), there is a 
distinguished triangle 

It follows from part © of Definition O that G i:'''MHM(Z) satisfies the 

assumptions of the lemma. Since Z has fewer strata, we have by induction that 
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i* Cu G D^y, mhm(^)- follows that i^i* Cu G ^,y',MHM("'^)' ^'^ ^ mhm 

{X). 

Since the inclusion j„ : X„ — X is affine, the object rat(A„) g Perv("'^) ^ 
perverse sheaf by [BBD| CoroUaire 4.1.3], so A„ G MHMjs-(X). 

Now, for general J-" G _D^MHM(X), form the distinguished triangle 

ju'.jl^ T ^ iJ*\F . 

The first term lies in the subcategory generated by Tate twists of A„, and the last 
term again lies in mhm(^) induction, so J- lies in mhm 

(X) as well. □ 

Remark 3.5. It is easy to see that MUMy{X) is never Koszul: there exist simple 
objects J- and Q such that 

(3.6) Exti,HM^,(X)(-^, with wt(a) < wt(^) - 1. 

For instance, one can take T = Us and Q = Cs{n) for some n > 1; the claim above 
follows from ([33]) and the fact that ExtJ^HM(pt)(I>E(^)) = C/(27ri)"F. 

It is likewise true that the category of mixed ^-adic perverse sheaves on a variety 
over a finite field is never Koszul: one can find simple J- and Q such that 

(3.7) Ext^,„„ (^.Q^) {T, g) ^ with wt(e) > wt(^) - 1. 

Indeed, by [BBDl (5.1.2.5)], this happens for J" = = IC^. The fact that the 
failure of Koszulity happens in opposite ways in p.6p and p.7p is what necessitates 
the use of two different approaches to achieve Koszulity in the two settings. 

3.5. rat-projective mixed Hodge modules. A key property of spaces with affine 
even stratifications is that the category Perv,y^(X) has enough projectivcs and in- 
jectives [BGSl Theorem 3.3.1]. Unfortunately, MHM^(X) docs not have enough 
projectives or injectives, even on a point. The following notion serves as a substi- 
tute. 

Definition 3.6. Suppose X has an affine even stratification ,5^ = {^s}seS- An 
object G MIIMj^(X) is said to be xaX-projective (resp. rat-injective) if rat(J^) is 
a projective (resp. injective) object of Perv^(X). 

In [Sch| ■ these objects were called "perverse-projective" and "perverse-injective." 
We emphasize that a rat-projective object in MHM,y(X) is not projective. 

Proposition 3.7 f [Schi Proposition 14 and Corollary 15]). Suppose X has an 
affine even stratification ,5^ = {Xsjsgs. The category MHMy(X) has enough 
rat-projective objects, and every object admits a vat-projective resolution of finite 
length. □ 

There is an analogous fact for rat-injective objects. Proposition 13 . 71 is stated in 
[Sch| only for real coefficients, but it is easy to see that the coefficient field plays 
no role in the proof, and that the result is in fact valid for arbitrary F. 

Lemma 3.8. If P & MIIM^(X) is rat-projective, then for any Q £ MHMy{X), 
we have Hom'(P, G) = for all i >2. 



Proof. Since rat(7^) is projective, }iom\P,Q) = for all i > 1. The result then 
follows from p.3p . □ 
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Proposition 3.9. The realization functor 

p : D%mM^{X) ^ ^^,mhm(^) 
is an equivalence of categories. 

Proof Let T^g e MHM.j^(X), and let / : J" ^ g[n] be a morphism in -DJ^,mhm(-'^) 
with n > 0. According to |BBD1 Proposition 3.1.16], it suffices to establish the 
following claim: There is a surjection p : ^ — )• in MHM^(X) such that f op = Q. 
If n = 1, this is guaranteed by |BBD1 Remarque 3.1.17(ii)]; if n > 2, the preceding 
lemma implies that any rat-projective cover of J- has the required property. □ 

An immediate corollary is that the natural transformation (j2.1[) . which can be 
rewritten using p.2p as 

(3-8) p ■■ ExtMHM^(X)(-^>^^) ^ ExtMHM(X)(-^,^), 

is an isomorphism for all € MHM^(Ar). 

4. Lemmas on Hom- and Ext-groups 

For the rest of the paper, we consider only affine even stratifications. In this sec- 
tion, we prove a number of technical results about Hom 'f— , — ), ^y^^MYiM,^- {X){~ ^ ~)i 
and a new functor denoted Hom'( — , — ). 

4.1. Horn-groups for pure objects. The following lemma and its corollary will 
be used many times in this section and the next. For now, the main consequence 
is Proposition 14. 3[ establishing condition (|2.10p for D^MBMi-^)- 

Lemma 4.1. Suppose J-,Q ^ MIIM,5^(A') are simple. The mixed Hodge structure 

Hom'fJ-.g) 

vanishes if i ^ wt(J-') — wt(^?) (mod 2), and is isomorphic to a direct sum of finitely 
many copies of ¥{{wt{T) — wt{Q) — i)/2) otherwise. 

Proof. Let us assume that J- = Cs and G ~ Ct- Since every simple object is 
isomorphic to a Tate twist of some Cu, it suffices to treat this special case. 

We proceed by induction on the number of strata in X. Let j„ : X„ — !> X 
be the inclusion of a closed stratum, and let h : U ^ X be the inclusion of the 
complementary open subset. Applying Horn * ( C.^ , —) to the distinguished triangle 
ju*ju^t C,t h^h*Ct — >, we obtain a long exact sequence 

(4.1) >Bgm\j:£,,jlCt)^]iom\C,Xt)-^]imn^ ■ 

Now, j*Cs is a direct sum of finitely many objects of the form 

¥^^{{dimXu ~ dimXs ~ k)/2)[~k] where fc = dim — dim (mod 2). 
Similarly, j'^Ct is a direct sum of finitely many objects of the form 

Fx„((diniX„ - dimATt - l)/2)[-l] where I = dimXt - dimX„ (mod 2). 
Recah that Hom(F_^^ , J = Fp^, and that Hom '(Fy^,FyJ = for i ^ 0. Thus, 

Horn* (F^^( (dim X„ - dimXs - k)/2)[-k],¥j^^{{dimXu - dimXt - l)/2)[-l]) 

_ fFpt((dimX, - dimXt + k-l)/2) if i ^ I - k, 
I otherwise. 
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It follows that Honi ^ (?'*£.,. il^Ct) vanishes when i ^ dimXs — dimXt (mod 2), and 
is a direct sum of finitely many copies of F((dim Xg — dim Xt — i) /2) otherwise. By 
induction, the same description holds for Horn* (/i*£s, h* Ct), and then the proposi- 
tion follows from the long exact sequence (|4.ip . □ 

Corollary 4.2. Suppose T.Q e MRMy{X) are simple. If n = (wt(Cy) - wt(J') + 

i)/2, then the natural maps 

(4.2) 

ExtMHM(x)(-^>6^('^)) ^ ^Hodgc(Hom'(.F,g(rt))) ^ Ext^„.^^(^)(ratJ",ratg) 
are both isomorphisms. On the other hand, if n ^ (wt(^) — wt(J^) + i)/2, then 

(4.3) Kods,{Rgm\J^,g{n))=0. 

As a consequence, for all i > 0, the functor rat induces an isomorphism 

(4.4) 07^&odgc(Hom'(-F,a(n))) ^ Ext^..^^^;,, (rat^, rat^). 

Proof If n = {wt{g) - wt(J') + i)/2, then, by Lemma WH Bgm\T,g{n)) is iso- 
morphic to a direct sum of copies of Fp^. For such an object, the functor 'H'^^^„^{—) 
coincides with simply taking the underlying vector space; this gives the second iso- 
morphism in (j4.2p . That lemma also tells us that Hom '~^(J^, g{n)) = 0, so the first 
isomorphism in (|4.2p follows from (|3.3I) . 

For (|4.3p . we have that IIom '(J^, Gi^)) is pure with nonzero weight. 

When i = wt(^) — wt(J^) (mod 2), (|4.4p is an immediate consequence of (|4.2p 
and (gJl). When i ^ wt(^?) - wt(J') (mod 2), the left-hand side of van- 
ishes by (|4.3p . The right-hand side also vanishes: we have Ext'(rat7^, ratCy) = 
rat Hom '(J^, G), and Hom '(J^, G) vanishes by Lemma [4.11 Thus, (|4.4p holds in all 
cases. □ 

Proposition 4.3. If F,Q G Pure{X), f/ien dim Hom^b^^^^j-jsj--) (J^, ^) < oo. 

Proof. Recall from Section [^751 that every object of Pure(X) is semisimple. Thus, it 
suffices to consider the special case where F = wt(J^o)] and Q = Qo[— wt(^/o)], 
where Fq and Qo arc pure objects of MIIM^(X). Then 

Hom(j-, g) - Ext;;*g-)"'(^"'(j-o, g,), 

and the latter is finite-dimensional by (|4.2p . □ 

4.2. A new delta functor for MHM,y.(X). For F,g e MHM^(X), define 

Hom^ {T,g)^ rat grg Hom ' {F,g). 

Since grp and rat are both exact, this clearly defines a (5- functor on MHM^(X). The 
mixed Hodge structure grn Hom ' [T, g) \s & direct sum of copies of F: this follows 
from the more general observation (implied by Lemma l4.ip that every composition 
factor of Hom ' ( J^. g) is of the form F(n) for some n. 

Lemma 4.4. Let T,g e MHM,y>(X). 

(1) If J- has weights < n and g has weights > n — i, then Hom*(J-", g) = 0. 

(2) // J- has weights > n and g has weights < n ~ i, then Hom'(J-", g) — 0. 
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(3) For any n G Z, there is a natural transformation 

Hom(J", Q) Hom( J'<„, g<„) 

that is the identity map if J- and Q happen to have weights < n. 

(4) For any n £ Z, there is a natural transformation 

Hom(J', g) Hom( J'>„, C?>„) 

that is the identity map if J- and Q happen to have weights > n. 

(5) There is a natural morphism of S-functors 

rat : ExtMHM(X)(-^> G) ^ Horn* (J", g). 
If J- is pure of weight n and g is pure of weight n~i, this is an isomorphism. 

Proof. For parts ([!]) and ([2]), it suffices to treat the case where F and g are both 
simple. In this case, using the assumptions on the weights of !F and g, Lemma l4. II 
tells us that Hom '(.F, g) is pure with nonzero weight. Thus, grn Horn ' (J", g) = 0. 
For part consider the exact sequence 

Hom( J'<„, g<n) ^ Hom( J'<„, g) Hom(J'<„, g>n+i) ^ ■■■ . 

The last term vanishes by part ([l}, so the first is an isomorphism. Composing the 
inverse of that map with the natural map Hom(J^, g) — s> Hom(7^<„, g) yields the 
desired natural transformation. The proof of part Q is similar. 
Lastly, we turn to part ([5]). Note first that the natural map 

(4.5) KodseiUom.^^, g)<o)^ KodgoiUom^i^, G)) 

is an isomorphism, as we clearly have ^Hodgc^ Hom ' (J^. g)^n) = 0. Next, we have 
a natural map 

(4.6) nodge(HoinX^,a)<o) ^ H&odge(gToHom'(-^,e))- 
Composing the second map in p.3p with the inverse of (|4.5p and then with (|4.6p . 
we obtain a natural map Ext^HMCX) (-^i 5) ~> ^Hodgo(g^o Hom'(J^, C/)). Finally, 
observe that if M S MHM(pt) is a direct sum of copies of F, then there is a 
natural isomorphism 'H^od<rc(^^) ~ rat(M). In particular, this applies to M = 
grg IIom*(-F, g), and we thus obtain the desired natural transformation rat. 

If T is pure of weight n and g is pure of weight n — i, then Hom ' (J-, g) is pure 
of weight by Lemma |4.1[ so (|4.6p is an isomorphism. The second map in p.3p is 
also an isomorphism (see (j4.2p ). so rat is an isomorphism in this case. □ 

Lemma 4.5. The 6-functor Hom(— , — ) is universal. 

Proof. If J- is rat-projectivc, then Hom 'fJ-". — ) vanishes for i > 0, and hence so 
does Hom*(J^, — ). Recall from Proposition 13. 71 that every object is a quotient of a 
rat-projective one. It follows that Hom*(— ,— ) is effaceable. □ 

5. Winnowed mixed Hodge modules and Koszulity 

In Proposition 14.31 we established that condition p.lOp holds for the mixed 
triangulated category mhm("''^)- Condition (j2.9p for MHM y{X) is clear, so the 
machinery of Section [2. 31 applies, and we have an abclian category 

MHM^(X) C K^Pure{X). 
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Ext 



(-,-) 




Hom'^b (^)(rat(-),rat(~)) 



Ext^erv^(X)M(-),rat(-)) 



ExtMHM^(x)(/3(-)'/3(-)) 



Figure 1. J-functors for MHM^(X). 



In this section, wc will prove that A/[HM|,(X) is a Koszul category. The main tool 
will be the 5-functor Hom(— , — ) that was introduced in the previous section: it will 
serve as a sort of intermediary between Hom-groups in mhm("^) (where geo- 
metric methods relying on the properties of affine even stratifications are available) 
and Ext-groups in MRM%{X) (which are the ones we seek to understand). 



Recall from Proposition 13.91 that p denotes the realization functor 



We now also consider a realization functor for MHM^,(X), which will be denoted 

: D^MllM%{X) ^ K^Pure{X). 

Like p, this gives rise to a morphisni of (5-functors (j2.ip . These morphisms, along 
with the morphism rat of Lemma |4;4Jl5]) and the morphisms of Ext-groups induced 
by the exact functors /3 and rat, are shown in Figure [TJ That figure also contains 
a new morphism /3 that has not previously been discussed. 

Lemma 5.1. There is a morphism of S- functors 

/3 : Hom'(-,-) ^ Extl^^^^^^^{l3{~), I3{-)) 

that makes the diagram in Figure{^ commute. 

Proof. It follows from parts ([3]) and (H} of Lemma 14.41 that for any n G Z, the 
functor gr„ induces a natural transformation 

gr„ : Hom(J', g) Hom(gr„ T, gr„ G) ~ HomMHM^.(x) (gr„ J", gr„ Q), 

where the last isomorphism comes from Lemma IT^t [5|) . Given / G Hom(J^, Q), let 
i3{f)^ denote the map gr_„ f[n] : gr_„ T[n] — >■ gr_„ G[n], thought of as a morphism 
in Pure{X). The same construction appeared in the description of the functor (3 
in Proposition 12. 31 and the reasoning given there shows again that, taken together, 
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HomMHM.^(X)(-, -) 




HoinMHM(Jf)(-, -) 
rat 

Hom(-,-) 




Horn 



MHM«(X)(^(-)'/3(-)) 



Figure 2. Some left-exact functors on MHM^(X) 

the /?(/)"' constitute a chain map I3{J^) — > l3{Q). It is obvious by construction that 
the diagram in Figure [2] of left-exact functors of abclian categories commutes. 

Because Hom'(— ) is universal, the morphism j3 extends in a unique way 
to a morphism of (5-functors. Next, /? o rat o p and /3 are both morphisms of 5- 
functors ExtMHM^5.(X)(-: -) ^ Extj;^jjj^O(^) (^(-), /?(-))• Since they agree on the 
0th terms, and since ExtJ^jj]yj^.jj^) (— , — ) is universal, we have /3 o rat o p = /3, as 
desired. □ 



For convenience, let us restate Lemma [O] for MHM^(X), using ([37 

Lemma 5.2. Let J-,Q ^ MHM^(X) he pure objects of weights n and n ~ i, re- 
spectively. The product map 



ExtMHM(X 

K;eIrr(MHMj.(X)) 
wt(X^)— n— 1 



(J", /C) (g) Ext 



MHM(X 



(/c, g) Ext; 



MHM(X 



is surjective. □ 

Lemma 5.3. Let J-,g ^ MHM^'(X) he pure objects of weights n and n — i, re- 
spectively. The product map 

Hom^(J-,/C) (8)Hom'-i(/C,g) -^Hom'{j;g). 

/CeIrr(MHMj»(X)) 
wt(/C)— n— 1 

is surjective. 

Proof. Under the assumptions on the weights of the objects appearing in this state- 
ment, we know from Lemma I4.4t(5|) that the map rat is an isomorphism. So this 
statement follows immediately from Lemma 15.21 □ 

Lemma 5.4. Let J-^Q ^ MHM^(X) he pure objects of weights n and n — i, re- 
spectively. The product map 

e 

KeMMHM* (X)) 
wt(/C)— n — 1 

is surjective. 



Hom^bp^^^^) (J", /C) Hom*^bVure(X) ^) ^ ^'^^K^PureiX) i S) 
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Proof. The assumptions on the weights of the objects above mean that the Hom- 
groups above can be computed in (a shift of) the additive category Pure(X). Via 
the inclusion Pure(X) — D^^^j^{X), these Hom-groups can be identified with 
Ext-groups over MHM(X), so this result follows from Lemma □ 

Lemma 5.5. For all J-,Q ^ MHM^(X) and all i>0, the map 

(5.1) 0/3 : Hom*(.F,g) ^ Hom^^.p,,,^;,) (/3(.F), /3(a)) 

is an isomorphism. 

Proof. By a standard dcvissage argument, it suffices to prove this when J- and Q 
are simple, so let us assume that that is the case. If wt{Q) ^ wt(J^) — i, then 
both groups above vanish (by Lemma 14.41 and (j2.1ip . respectively), so the map is 
trivially an isomorphism. We henceforth assume that wt(^/) ~ wt(J^) — i. 

Assume first that i — or i = 1. Let m = wt(^?). Then J- and Q both 
belong to MHM^(X) We can compute ExtJy[jjf^^_^,(^^(J^, CJ) inside the 
Serre subcategory MHM^(X)[m and likewise for ExtJ^^^j^^ ^^j(/3J^, /3C/) and 

MHM^(X)[„ By Proposition 12. 31 the restriction of /3 to these subcategories 

is an equivalence, so we have that 

/3 : ExtMHM,^(x)(-^' Q) Ext^jjj^|^^^^(/?J', PQ) is an isomorphism for i < 1. 

By Lemma [4.4l( 5|l. the map rat : Ext^jj]y[(-x)(.7^, 5) — > Hom*(J^, 5) is an isomor- 
phism as well. Combining these observations with the commutativity of Figure [T] 
and with (|2.2p for and p, we see that (|5.ip is an isomorphism for i < 1. 
We now proceed by induction on i. Consider the commutative diagram 

0Homi(J-, /C) ® Hom*-i(/C,e) ^Hom*(J', Q) 

Homi..p,,,(^) (/3 /3/C) Hom^^7,V,,3(^) (/3/C, f3g) Hom'^.p,,,(;,) (/3 J", 130) 

where both direct sums range over all simple objects K, 6 MHMj^(X) with wt(/C) = 
wt(J^) — 1. Both horizontal maps are surjective, by Lemmas 15.31 and 15.41 The left- 
hand vertical map is an isomorphism by induction, so the right-hand vertical map 
is at least surjective. Using Lemma im[ 5|) and our assumptions on weights, we have 

Hom'(.F,a) =Ext;,HM(X)(-^,a) 

= Homp^,re(x)[wt(jc-)](J^,a[i]) = RomK^p^,e{X){l3J^, f3g[i])- 

Since Hom'(J', (?) and Hom^bpure(x) (Z^-^' Z^^) i^scv'i the same dimension, the right- 
hand vertical map must also be an isomorphism. □ 

Proposition 5.6. Consider the objects Af = /3(As) and \/f = /3(Vs). 

(1) If Xt C Xs, then for all n eZ, we have 

ExCHM^(x)(^^^*H) =Ext;^HM^(x)(^*W'V?) =0. 

(2) For all s,t E S and all n G Z, we have 

ExtLM-,;,)(Af,Vf(n))=0. 
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(3) MHM^(X) has enough projectives (resp. injectives), and each projective 
(resp. injective) has a filtration by objects of the form Af (n) (resp. Vf{n)). 

(4) MHM^(X) has finite cohomological dimension. 

Proof. For part ([T|) , in view of ()2.2p for and Lemma 15.51 it suffices to show 
that nom^ {A,, Ct{n)) = U.om^ {Ctin) ,V s) = 0. These groups arc subquoticnts 
of Hom^(As, Ct) and Hom ^ {Ct , Vg), respectively, and the vanishing of the latter is 
clear. A similar argument using (|2.3p and the vanishing of Honi^(As, Vt) establishes 
part (12]). 

We have just shown that in the category MHM^(X), the objects and 
satisfy graded versions of axioms (4) and (6) of |BGS[ Section 3.2]. The remaining 
axioms are obvious, so the arguments of that section apply to MHM^(X). In 
particular, part ([3]) is a restatement of [BGSi Theorem 3.2.1], and part (|4]) is a 
restatement of [BGSl Corollary 3.2.2]. □ 

Theorem 5.7. MHM^(X) is a Koszul category. 

Proof. According to [ARl Proposition 5.8], it suffices to show that the realization 
functor : D^MRW^iX) K^Pure{X) is an equivalence. To do this, we use 
the method of [BGSl Corollary 3.3.2]. By Proposition EUg]), D^MllM%{X) is 
generated by the projectives and by the injectives in MHM^(X), so it suffices to 
show that if P e MHM|,(X) is projective and / G MHM^(X) is injective, then 

(5.2) Hom*^.p,,,(;,) (P, /) = for t > 0. 

In view of Proposition 15. 6t| 3|). we sec that (|5.2|) would follow if we knew that 

(5.3) Hom*^.p,,,(^)(Af,Vf(n))=0 if z > 0. 

By Lemma [531 it suffices to show that Horn' (As, Vt(n)) = 0, and this follows from 
the well-known fact that Hom*(As, V*) = for i > 0. □ 

Since is an equivalence. Lemma 15.51 implies the following. 

Corollary 5.8. For all F,Q & MIIM^(X) and all i > 0, the natural map jS : 
Hom*(J^, Cy) — !• ExtJ^jjj^o (j(-)(/?(-7^),/?(5)) is an isomorphism. □ 

6. Koszul gradings on perverse sheaves 

Unlike mixed Hodge modules in MHM,^{X), objects of the winnowed category 
MmA%{X) do not come equipped with a notion of "underlying perverse sheaf." 
It is a nontrivial task (and the main goal of this section) to construct a functor 
relating MIIM^(X) to Pervj^(X). More specifically, we will construct a degrading 
functor C : MHM^(X) Pervj^(X) in the sense of |BGSj . This means that C, is 
exact and enjoys the following properties: 

(1) There is a natural isomorphism e : C o (1) -> C- 

(2) We have C{C,)'^lCs. 

We will also prove the following statement relating Ext-groups in the two categories. 
In the language of |BGS| . this says that the pair (C,e) is a grading on 'Pei\,^{X). 

(3) There is a natural isomorphism induced by e: 

0Ext'(J-,g(n)) 4 Ext'(C.F,Ce). 

nez 
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As an application, we will prove a formality result for Perv^(X) that generalizes 
one of the main results of jSch] . See Corollary 16. 71 

This section relies heavily on the language of "differential graded graded" (dgg) 
rings and modules. A dgg-ring will mean a bigraded ring £ = equipped 
with a differential of degree (1,0), i.e., a collection of maps — > ^m+i,n 
fying the usual properties (see, e.g., |Sch[ §2.2]). The term "internal grading" will 
refer to the grading indexed here by "n." Thus, the internal grading on a dgg-ring 
or dgg-module can be forgotten to yield an ordinary dg-ring or dg-module. For 
a dgg-ring £, we write Z?P^(dggmod-£) for the derived category of perfect right 
dgg-modules over 

The strategy for the construction of ( is to first show that D^^MliM^(X) is 
described by a certain dgg-ring 5, and then that £''^Perv^(Ar) is described by the 
dg-ring £ obtained by forgetting the internal grading on £. The functor C will be 
obtained from the forgetful functor For : DP^(dggmod-5) — Dp' (dgmod-f ). 

6.1. Square root of the Tate twist. For the arguments below, the fact that the 
Tate twist on MHM^(X) has degree 2 rather than degree 1 presents something of 
a technical annoyance. To remedy this, we use the general construction explained 
in [BGSl Section 4.1]. Define MHM^(X)5 to be the category 

We equip it with a "square root of the Tate twist," defined by 

(J-l,J-2)(i) = (J-2(l),J-l). 

We identify MHM,y(X) with the fuU subcategory of MRMs^{X)^ consisting of 
objects of the form (J^, 0). The same construction applies to MHM^(X) as well. 
There are functors 

/3 : MllM,y{X)i MRM%{X)i, rat : MllM.y{X)i Perv^(X). 

Moreover, all the morphisms in Figure [T] extend to objects of MHM^y{X)^ , and 
Proposition 15.61 and Theorem Ohold for M}iM%{X)i. For the remainder of 
the section, we will work with MllMy'{X)i and MHM'^{X)^ rather than with 
MHM^(X) and MHM^(X). 

As an example, in the following proof, it is easy to check that the integer n must 
be even ii T € MHM^(X), but it is even easier to avoid the question. 

Lemma 6.1. An object T £ MHM^(X)5 is Ta.t- projective if and only if (3 (J-) is 
a projective object o/ MHM^(X) 2 . 

Proof. If J- is rat-projective, then Hom ^ (-F, — ) vanishes, and then by Corollarv l5.8[ 
so does Ext^(/3(7^), — ). If 7^ is not rat-projective, then there is some Cs such that 
Hom^(J^,£s) 7^ 0. In particular, there is some n such that gr„ Hom^ ( 7^, £5 ) ^ 0, 
and so Hom^(J^, £s(— ^)) ^ 0. Corollary 15.81 then shows us that P{J- ) is not 
projective. □ 

6.2. Formality for MllM%{X)i . Let L = ^^^g Cs{-^ dim X,). This is pure of 
weight 0, and it contains every simple object of weight in MHM,y{X)'s as a direct 
summand. We will also work with the related objects 

i = rat(L) = 0ICs G Pcrvjj. (A:) and = (3{L) e Mm'l%{X)^ . 

s£S 
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The next step is to choose a rat-projective resolution P' of L. We claim that P' 
may be chosen so that the following additional assumption holds: 

(6.1) Every simple quotient of is pure of weight i. 

Indeed, since MHM^(X)5 is already known to be Koszul, we could first choose a 
linear projective resolution of Lo, and then, using Proposition 13 . 71 and Lemma |6. 11 
lift it term-by-term to MHM^(X). We may also assume that P' has finitely many 
nonzero terms, by Proposition 15. 6t| 4l). Let us put 

P' = rat(P') and P^ = /?(P*). 

Thus, P' is a projective resolution of L in Peivy{X), and P^ is a projective 
resolution of in MRM%,{X)^ . 

Form the dgg-algebra ^ whose bigraded components are given by 

^™.»= Hom(F-,P^(|)), 

i-\-j—7n 

and whose differentials are induced by those in P^. Next, for a complex J'* of 
objects in MHM^(X)^, let grHom' (F^, J"') be the right dgg-^- module with 

grHom'(F^,^-)™'"= Hom(P^\ J"^ (f )). 

i+j— m 

The following lemma is a graded version of a standard result on dg-modules over 
the dg endomorphism ring of a complex of projectives. See, for example, [SchI 
Proposition 7 and Remark 8]. We omit the proof. 

Lemma 6.2. The functor grHom*(P^,-) : D^MIlM%.{X)i -4 1??^ (dggmod-^) 
is an equivalence of categories. □ 

Next, let 5 be the bigraded ring H*{^). We have 

5'"-"=Ext"(i0,i^(f)). 

By Theorem 15. 7[ 5 is "pure," meaning that 5™'" vanishes unless m = n. It is 
well known that a dgg-algebra whose cohomology is pure is formal, i.e., quasi- 
isomorphic as a dg-ring to its cohomology. In our case, we can be a bit more 
specific. Since = for n > m, the cohomology group 5™-™ is naturally a 

subspace of jz/™'™. In other words, £ can be identified with a sub-dgg-ring of 
The following lemma, whose proof we omit, is similar to jSchl Proposition 4]; the 
idea goes back to Deligne |D1| . 

Lemma 6.3. The functor D^^ (dggmod-^) —> D^^ (dggmod-S) induced by the in- 
clusion ^ is an equivalence of categories. □ 

6.3. Formality for Pcrv^(X). We would now like to prove similar statements for 
Perv^(X). but because the relevant dg-ring is only filtered and not bigraded, the 
formality statement requires considerably more work. 

Recall that P* is a projective resolution of L € Perv^(X). Form the dg-ring 
jz/ = End*(P*). Explicitly, this is a graded ring whose graded components are 
given by 

^"=0 Rom{p-\P^) = ratHom(p-\P^), 

i-^j—rn i-\-j—n 
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with differential induced by that in the complex P' as usual. Next, for a complex 
J^' of objects in Perv^(X), consider the right dg-^Z-module given by 

and with differential again defined as usual. As in Lemma |6.2[ we have: 

Lemma 6.4. The functor Bom' {P' , -) : D^PeTVj^{X) ^ Z^p^ (dgmod-^) is an 
equivalence of categories. □ 

Next, let £ be the graded ring H'{s^). We have 

= Ext™(i,i). 

The complex is naturally equipped with a filtration (the weight filtration on 
the terms Hom (P~', P-^)). but not with a bigrading. Thus, in contrast with the 
situation in the preceding section, £ cannot readily be identified with a subring of 
and a more delicate construction is needed to obtain an equivalence of categories. 

Lemma 6.5. There is a {£,£/) -bimodule M such that the functor 

(6.2) M : (dgmod-£) ^ D^^ (dgmod-s^) 
is an equivalence of categories. 

Proof. Let M be the right dg-jz/- module Hom*(P',L). Its cohomology H'{M) is 
clearly isomorphic to Ext'(L,i). 

We first claim that M has zero differential, and so can be identified with its 
cohomology. Indeed, M can be obtained by applying rat to the complex of mixed 
Hodge structures Hom * (P'.L). Clearly, IIom(p-% L[j]) = if j 0, so 

Hom'fP*. L)" Homfp-". i), 

and this is pure of weight n. Since the differentials in Hom *(P*, L) respect the 
weight filtration, they must all vanish. We therefore have M = H*{M), and hence 
an isomorphism M Ext*(L, L). 

Via that isomorphism, we can equip M with a left action of the ring £ = 
Ext*(L, L), so we have a homomorphism of dg-rings 

(6.3) £^EndSg,„„d-^(Af). 

The criterion given in [Kl Lemma 6.1(a)] says that (|6.2p is an equivalence if the 
following two conditions hold: (1) the map (|6.3|) is a quasi-isomorphism, and (2) the 
direct summands of M generate Z?P^(dgmod-J2/) as a triangulated category. 

As a left module, M is clearly free of rank 1. It follows that (|6.3p is injective. 

The augmentation map P' — > L induces a map of right dg-^ -modules /:.(/—>• 
M. This is a quasi-isomorphism, and since M = H'{M), it is also surjective. 
Thus, M is generated as a right dg-jzZ-module by the element file/), where 1.^/ 
is the identity element of £/. It follows that any endomorphism AI — > M of right 
dg-^-modules is determined by the image of /(l^/), and in particular, that 

dimEndjig„,od-i*'(^'^) < dim = dimf*. 

Since (|6.3p is injective, we now see that it is in fact an isomorphism (and, a fortiori, 
a quasi-isomorphism). 
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Finally, the category £'P^(dgniod-^) is generated as a triangulated category 
by the direct summands of the free module . Since f — >■ A'/ is a quasi- 
isomorphism, DP^(dgmod-j2/) is also generated by the direct summands of M, as 
desired. □ 



6.4. Construction of the degrading functor. The theorem below, which is the 
main result of this section, is stated for MHM^(X) 2 . However, it is easy to see 
that it implies the corresponding result for MHM^(X) (involving only integer Tate 
twists) , in the form described at the beginning of Section [6l 

Theorem 6.6. There is an exact functor ( : MHM^{X)i -> Pevv_j^{X) with the 
following properties: 

(1) There is a natural isomorphism e : C o (i) ^. 

(2) We have ({Cs) = IC^. 

(3) There is a natural isomorphism induced by e: 

0Exf(^,g(f))^Ext^(C-F,C^). 

The pair ((^, e) is unique up to isomorphism, but not canonical. 

The uniqueness asserted at the end is actually a general property of Koszul 
gradings, as explained in jBGSl Lemma 4.3.3] and the remark following it. 

Proof. We define ( at the level of derived categories to be the composition 
D'^MRM^iX) ^""'""R 7^Pf(dggmod-^) "^—^ 7^?^ (dggmod-5) ^ 

i^Pf(dgmod-5) Z?Pf(dgm0d-^) (LemmalMl-^^ D^'PCTY ,^ (X) . 

Here, the last functor is the inverse to the equivalence in Lcmma l6.4l The first two 
functors commute with Tate twist, and For o (i) = For, so part ([T]) of the theorem 
follows. It is easy to see by tracing through the definitions that C(^o) — and 
part ^ can be deduced from this. For part ([3]), we observe that an analogous 
property holds for For, and that every other functor above is an equivalence. □ 

Corollary 6.7. The dg-ring of Section \6.S\ is formal. As a consequence, there 
is an equivalence of triangulated categories 

A^,P,„(X) - i?Pf(dgmod-5). 

This equivalence of categories generalizes |Schl Theorem 3] ; see Remark 17.21 

Proof Let Q' = ({P^)- By Theorem EHIS]) , the dg-ring End*(Q*) is obtained by 
forgetting the internal grading on the dgg-ring ^ of Section [621 In particular, we 
know from Lemma [^31 that End*(Q') is formal. On the other hand, Q* and P* are 
both minimal projective resolutions of L, so they are (noncanonically) isomorphic. 
It follows that ^ End*(Q*), so £/ is formal as well. 

The formality of implies that there is an equivalence of triangulated categories 
ZJP' (dgmod-^) = DP^(dgmod-£). similar to that in Lemma (6.31 Combining this 
with Lemma [6.41 vields the last assertion above. □ 
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7. Compatibility of rational structure and grading 

Wc now have two exact, faithful functors from MHM^(X) to Perv,y(X): rat 
and C°/5- It is natural to ask how they are related to one another. In Section TT-ll we 
set up some machinery for addressing this question. Then, in Sections 17.21 and 17. 3[ 
we apply this machinery to two settings where a comparison is possible. 

7.1. Module categories over endormorphism rings. Wc retain the notation 
for the complexes P', P', and P* introduced in ScctionlHl as well as for the complex 
Q' = appearing in the proof of Corollary 16.71 Let us put 

E = EndfF"), E^End{P°), E = gr„ End(F") = Hom(P^, F^(f )) 

neZ riGZ 

We regard S as a ring object in the tensor category MHM5^(pt) of mixed Hodge 
modules on a point. (Here, and below, ^ denotes the trivial stratification of a 
one-point space.) Let MHmod-^ be the category right module objects over E_ 
in MHM5^(pt). The ring E can be identified with rat(S); as such, it inherits a 
filtration, and the associated graded ring is E. Note that by taking the associated 
graded of the weight filtration of an object in MHmod-£^. one obtains a graded 
E-modulc. Wc denote this functor by gr : MHmod-£^ — !• gmod-E. Below, wc will 
consider both graded and ungraded modules over E. Let For : gmod-E — >■ mod-E 
be the forgetful functor which forgets the grading. 

We will also require the following functors for passing from mixed Hodge modules 
or perverse sheaves to various module categories: 

= Hom fP", -) : MllM,y{X)^ ^ MHmod-^ 

= 0Hom(F^(-f ), -) ; MRM%,{X)i ^ gmod-E 

as = Hom(P°, -) : Perv^(X) ^ mod-E 

ttE = Hom(Q°, -) : Pervj^(X) ^ mod-E 

These are all equivalences of categories. From the last two, we see that there exists 
an equivalence of categories 

/i : mod-E — > mod-E. 

One could take o a^^, but we will also make other choices of /i below. In any 
case, given such a /i, let p, ~ {ceE)~^ o ^ o ag. We now assemble all these categories 
and functors into the diagram in Figure |31 

Let us now consider the various faces of this cube. The front face is commutative 
by the definition of fi. We also know that the following three natural isomorphisms 
hold. They say that the left, back, and right faces of Figure |3] commute. 

ratHom(P°, -) = Hom(P°, rat(-)) 

gr„ Hom(P", -) - Hom(P^(-f ), /?(-)) 

0Hom(pO(-f),-)-Hom(g°,C(-)) 

The commutativity of the top and bottom squares is more difficult to assess. Since 
the vertical arrows are all equivalences, we can at least observe that the top square 
commutes if and only if the bottom square commutes. 
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MHniod-£; ■ 



Perv^(X) 



3d-£;- 



•MHM^(X)5 



■ gmod-E 



Pervy{X) 



Dd-E 



Figure 3. Comparison diagram for ^ o /3 and rat 



A more precise version of the question posed at the beginning of Section [7] might 
then be: Does there exist a /i making the top and bottom faces of Figure[3]commute? 

7.2. Real coefRcients. In this section, we assume that F = M. A key property 
of mixed Hodge structures over R is that the underlying vector space admits a 
functorial sphtting of the weight filtration, sometimes called the Deligne splitting. 
More precisely: let gVectjj be the category of graded finite-dimensional real vector 
spaces. Let gr : MHM5f(pt) —J- gVectg be the functor which assigns to any mixed 
Hodge structure the associated graded vector space for the weight filtration, and 
let For : gVectg — !• VectR be the functor which forgets the grading. We can identify 
Perv5'(pt) with VectR and regard rat as a functor MHM,g^(pt) -> VectR. Deligne's 
result |D2| states there is an isomorphism of tensor functors 

(7.1) U : rat ^ For o gr . 

Thus, when we apply U to the ring object E_, we obtain a ring isomorphism 

(7.2) Ue-E^E. 

Moreover, for any M e MHmod-^, the isomorphism of vector spaces 

(7.3) Um ■■ rat(A/) ^ For(gr(M)) 

lets us regard the i?-module rat(A'/) as an E-module, and this E-module structure 
coincides with that induced by (|7.2p . 

To rephrase this, let ^ : mod-E mod-E be the equivalence induced by (|7.2p . 
Then, for every M G MHmod-S, we can regard the map ()7.3p as a natural isomor- 
phism of E-modules, showing that /x o rat ~ For o gr. In other words, the bottom 
square of Figure [3] commutes, and hence the top square does as well. 

Then 
□ 



Theorem 7.1. Suppose F = R. Let fi be the equivalence induced by (|7.2p 
there is a natural isomorphism fi o rat = C o /?. 



Remark 7.2. The isomorphism (j7.ip plays a vital role in Schniirer's proof of for- 
mality for constructible R-sheaves on cell-stratified varieties jSchl Theorem 31]. 
Specifically, it is the source of the vertical isomorphisms in the diagram in |Sch[ 
Equation (27)]. In Corollarv 16.71 of the present paper, we have generalized this to 
arbitrary F C M by a different argument, avoiding the use of (|7.ip . 
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Remark 7.3. The construction of ()7.ip in jD2j relies on the fact that the only 
nontrivial element of Gal(C/R) is complex conjugation, and it seems unlikely that 
the construction can be generalized to other fields. In more detail, Delignc first 
constructs an isomorphism Uc of complex vector spaces. The map Uc is unchanged 
when the Hodge filtration is replaced by its complex conjugate, and this implies that 
Uc descends to the real vector space. To mimic this for general F C M, one would 
need Uc to be unchanged when the Hodge filtration is replaced by any conjugate 
under Gal(C/F), but that condition is false. The authors do not know whether 
there is some other approach to (|7.ip that does work for general F. 

7.3. Flag varieties and the Beilinson Ginzburg Soergel construction. We 

now return to allowing arbitrary F, and we turn our attention to the variety X = 
G/B, where G is a complex reductive algebraic group and B C G is a Borel 
subgroup. Let y be the stratification by i?-orbits. In this case, we will first make 
a careful choice of P° and then replace MIlM,y{X)2 by a certain full subcategory 
in such a way that the top face of Figure [3] commutes. 

Let Xe denote the unique 0-dimensional S-orbit on X . Then ICe is a skyscraper 
sheaf, and Ce is a simple mixed Hodge module of weight 0. Fix a rat-injective 
envelope le for Cg, and define a full subcategory of MHM^(X) as follows: 

MHM^(X; /g) = I is a subquotient of a direct sum of various Ie{n)}. 

Alternatively, MHM'yj{X; 1^) can be described as the smallest full abelian subcat- 
egory of MHM.^(X) containing 1^ and closed under subquotients and Tate twists. 
This definition is dual to the one immediately preceding |BGS[ Theorem 4.5.4], in 
the sense the latter is defined in terms of a rat-pro jective instead. It is straight- 
forward to see that all the results of |BGS[ Section 4.5], suitably dualized, hold for 
MHM^(X; Je), and we will invoke them in this way. 

In particular, the main result of [BGSl Section 4.5] states that MHM^(X; 1^) is 
a Koszul category, and that the restriction of rat to this category makes it into a 
grading on Perv^(X). In this last section, we seek to understand how this theorem 
is related to the main results of the present paper. 

Remark 7.4. As noted in the introduction, the results of |BGS[ Section 4.5] men- 
tioned above are specific to G/B; they do not apply even to partial flag varieties. 
However, the methods of |Gi| do apply to this case, as well as more generally for 
any smooth complex projective variety with a speciflc type of C*-action, giving 
an isomorphism of graded vector spaces which can be seen as a step towards the 
algebra isomorphism of parabolic-singular duality. 

Proposition 7.5. For any object 1^ as above, the functor 

/3|mHM:^(X;7;) y^^M'AX;ie) ^ MHM^(X) 

lis an equivalence of categories. 

Proof. For J", ^ e MHM'^(X; 4), the map 

(7.4) 0Extj^HM;^(X;P)(-^'^(")) ^ Extj>,„^,(;f)(rat.F,ratg) 

riGZ 

is an isomorphism by |BGS[ Theorem 4.5.4]. Now, consider the map 

(7.5) 0Ext;„^,^(^^^^(J-,e(n)) ^ 0Ext;,jj^.(^^(/3.F,/3g(n)) 

n^Z nGZ 
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induced by /3. Comparing (|7.4p to Theorem 16.61 we see that the domain and 
codomain of (|7.5p have the same dimension. That map is certainly injective for 
i = (since /3 is faithful), so it is an isomorphism. In other words, we have that 
P\M}iM'^{X;L) is fully faithful. 

We can therefore identify MHM'^(X; 4) with a fuU subcategory of MHM^(X). 
It follows immediately that (|7.5p is also injective for i = 1, and hence (again for 
dimension reasons) an isomorphism. 

Suppose that under this identification, MHM^(X;/e) does not coincide with 
MIIM^(X), and let J" e MIIM'^(X) be an object of minimal length not belonging 
to MRM'y {X;Ie). It follows from |BGS1 Theorem 4.5.4] that every simple object 
lies in MllM'^{X; 1^), so is not simple. Thus, there is some short exact sequence 
— s> 7^' — !• — > J-" — > with and both nonzero. Since they have shorter 
length than J^, they both belong to MHM^(X; /g). That short exact sequence 
represents a class in ExtJ^^^j^o ^^^{T" that is not in the image of the natural 
map 

ExtMHM;5^(A';7^)(-^"' -^O ^ -'^-'^*MHM;^(X)'^-^"'-^')' 

But this map was already seen to be an isomorphism, so we have a contradiction. □ 

An object T G MHM^(X) is said to be special if it is isomorphic to a subobject 
of a direct sum of objects of the form Ie{n). The following facts about special 
objects are proved in Steps 1 and 2 of the proof of [BGS| Theorem 4.5.4]. 

Lemma 7.6. (1) Every Cs admits a special v&i-projective cover Pg, and this 
object is unique up to isomorphism. 
(2) If Ps and Pt are two special rat-projective objects, then Hom(Ps,Pt) is a 
semisimple object o/MHM5-(pt). □ 

It follows from Proposition 17.51 that special rat-projective objects are in fact 
projective as objects of the abelian category MIIM^(X; /e), and that all objects 
(not just simple ones) are quotients of special rat-projective objects. Thus, we 
may return to the construction of Section |6] and require that the rat-projective 
resolution P' — L actually be a special rat-projective resolution. The functor C 
and the vertical arrows in Figure [3] should henceforth be understood to be defined 
with respect to this kind of resolution. 

Let MHmod^''--B be the fuU subcategory MHmod^^'-E^ consisting of ^-modules 
that are semisimple as objects of MHM^^ (pt). Since is exact, it follows from 
Lemma [LUIS]) that aEi^) S MHmod""-^ for all F G MHM^(X; 4). 

It therefore makes sense to consider the diagram in Figure |H which resembles 
Figure [3] but in which the domain and target of have been replaced by smaller 
categories. It is easy to see that 

(7.6) gr : MHmod""-^ ^ gmod-E 

is an equivalence of categories. On the other hand, (|7.6p gives rise to a canonical 
isomorphism of rings i? — >■ E, and hence to a canonical equivalence making the 
bottom face of Figure H] commute. The top face then commutes as well. 

To summarize, MHM^(X;7e) and MIIM^(X) are equivalent Koszul categories 
via /3, and the two Koszul gradings on Pcrv^(X) given by rat and C are related by 
the following result. 
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M}iM'y{X;Q 



MHmod""-£; ■ 



Perv^(X) ■ 



■MBM%{X)i 



■ gmod-E 



mod-E ■ 



Perv,y.(X) 



Dd-E 



Figure 4. Comparison diagram for the category MllM'y,{X; /g) 



Theorem 7.7. There is a canonical autoequivalence jl o/Pcrv^(X) giving rise to 
an isomorphism of functors jl o rat = ( o f3 : MHM^(X; 1^) Perv^(X). □ 
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